Natural metrics (Sasaki metric, Cheeger-Gromoll metric, Kaluza-Klein metrics etc.. ) on the tangent bundle of a Riemannian manifold is a central topic in Riemannian geometry. Generalized Cheeger-Gromoll metrics is a family of natural metrics h p,q depending on two parameters with p ∈ R and q ≥ 0. This family has been introduced recently and possesses interesting geometric properties. If p = q = 0 we recover the Sasaki metric and when p = q = 1 we recover the classical Cheeger-Gromoll metric. A transitive Euclidean Lie algebroid is a transitive Lie algebroid with an Euclidean product on its total space. In this paper, we show that natural metrics can be built in a natural way on the total space of transitive Euclidean Lie algebroids. Then we study the properties of generalized Cheeger-Gromoll metrics on this new context. We show a rigidity result of this metrics which generalizes so far all rigidity results known in the case of the tangent bundle. We show also that considering natural metrics on the total space of transitive Euclidean Lie algebroids opens new interesting horizons. For instance, Atiyah Lie algebroids constitute an important class of transitive Lie algebroids and we will show that natural metrics on the total space of Atiyah Euclidean Lie algebroids have interesting properties. In particular, if M is a Riemannian manifold of dimension n, then the Atiyah Lie algebroid associated to the O(n)-principal bundle of orthonormal frames over M possesses a family depending on a parameter k > 0 of transitive Euclidean Lie algebroids structures say AO (M, k). When M is a space form of constant curvature c, we show that there exists two constants C n < 0 and K(n, c) > 0 such that (AO(M, k), h 1,1 ) is a Riemannian manifold with positive scalar curvature if and only if c > C n and 0 < k ≤ K(n, c).
Introduction and main results
Let (M, , T M ) be a Riemannian manifold of dimension n, π E : E −→ M a vector bundle of rank r endowed with an Euclidean product , E and ∇ E a linear connection on E which preserves , E . Denote by K : T E −→ E the connection map of ∇ E locally given by
in Lemma 2.1 that the restriction of h p,q to a fiber has constant scalar curvature if and only if (p, q) ∈ {(0, 0), (2, 0)}. In conclusion, Theorem 1.1 is a strong rigidity result since it cuts all hope of building interesting examples of locally symmetric spaces, Einstein manifolds and so on, by using generalized Cheeger-Gromoll metrics on E.
To our knowledge, even if one can define natural metrics in the general sitting of an Euclidean bundle over a Riemannian manifold, only the case of the tangent bundle has been considered so far except in [6] where harmonic sections of Euclidean bundles have been considered. The reason is the difficulty of finding interesting examples. It is easy to build an Euclidean bundle E −→ M over a Riemannian manifold but it is more difficult to find a connexion on E which preserves the Euclidean product and it is far more difficult to find one which has some link to the geometry of the Riemannian manifold M. Our second goal in this paper is to remedy this situation and introduce a large class of Euclidean bundles where natural metrics can be defined and have interesting properties. Indeed, the first author has introduced Riemannian Lie algebroids in [8] (we use in this paper the terminology Euclidean instead of Riemannian) and has shown that the analogous of Sasaki metric can be build on the total space A of a Riemannian transitive Lie algebroid. More precisely, it has been shown that T A splits into a vertical part and a horizontal one and it is what one needs to build natural metrics. The construction of this splitting in [8] is based on the properties of connections in the context of Lie algebroids. But, when we started studying generalized Gromoll-Cheeger metrics on transitive Riemannian Lie algebroids, we noticed that they constitute a particular case of generalized Gromoll-Cheeger metrics on Euclidean vector bundles introduced above. Let us give more details on this now. 
There are two important objects naturally associated to (A, M, ρ, , A ).
1. The analogous of the Levi-Civita connection. Indeed, the Koszul formula
defines a linear A-connection which is characterized by the fact that D is metric, i.e.,
The connection D is well-known as the Levi-Civita A-connection associated to the Riemannian metric , A . The reader can consult [8, 10] for a detailed study of connections on Lie algebroids. 2. A splitting of the Atiyah sequence of A. Indeed, For any x ∈ M, we denote by G ⊥ x the orthogonal of G x with respect to , A thus
The restriction of ρ to G ⊥ is an isomorphism onto T M and its inverse γ : T M −→ G ⊥ defines a splitting of the Atiyah sequence.
From these two objects one can extract the necessary ingredients for defining natural metrics and, in particular, generalized Cheeger-Gromoll metrics on A. Indeed, we have a Riemannian metric on M and a connection ∇ A on A given by
and since D is metric, ∇ A preserves , A . The curvature of ∇ A plays an important role in the study of the geometry of generalized Cheeger-Gromoll metrics on A. It depends on the Lie algebroid structure and on the metric , A . So we call it principal curvature of the transitive Euclidean Lie algebroid A.
There are many reasons why generalized Cheeger-Gromoll metrics on transitive Euclidean Lie algebroids are interesting:
1. They generalize naturally generalized Cheeger-Gromoll metrics on the tangent space of a Riemannian manifold. The tangent space of a Riemannian manifold has a natural structure of transitive Euclidean Lie algebroid.
When a transitive Euclidean Lie algebroid A is endowed with a generalized Cheeger-
Gromoll metric h p,q , the O'Neill shape tensor of the Riemannian submersion
is encoded in the principal curvature of A and can be computed explicitly (see Proposition 3.2). It involves the curvature of M and on the Lie algebroid structure. So the geometry of (A, h p,q ) is deeply linked to the geometry of (M, , T M ) and the Lie algebroid structure as one can see in Proposition 3.3 where we show that the vanishing of the principal curvature has drastic consequences on (M, , T M ) and the Lie algebroid. 3. There is a large class of transitive Lie algebroids, namely, Atiyah Lie algebroids associated to principal bundles (see [13] ). Euclidean Atiyah Lie algebroid turn out to be interesting and we devote Section 4 to give a precise description of them. 
where ∇ M is the Levi-Civita connection of M and R M is its curvature. Moreover, this Lie algebroid can be endowed with a family of Euclidean products , k given by
We denote by AO(M, k) the Lie algebroid T M ⊕ so(T M) endowed with the Euclidean product , k . Our second main result can be compared to the main result obtained in [11] . We recall this result in order to give the reader a possibility of comparing it to ours. We can state now our second main result and one can see that the conditions on the curvature in our result are far less restrictive than those in Theorem 1.2. 
2 . Moreover, C n < 0, K(n, c) > 0 and, for instance,
Finally, this work opens new horizons, namely, it gives the basis of further study of all kind of natural metrics (studied on the tangent bundle of a Riemannian manifolds) on the total spaces of transitive Euclidean Lie algebroids.
The paper is organized as follows. In Section 2, we give the main properties of generalized Cheeger-Gromoll metrics on the total space of an Euclidean vector bundle, we prove Theorem 1.1 and we derive some of its corollaries. In Section 3, we give a complete description of transitive Euclidean Lie algebroids (see Theorem 3.1), we compute their principal curvature and we give the geometrical consequences of its vanishing. Section 4 is devoted to the characterization of Atiyah Euclidean Lie algebroids (see Corollary 4.1). In Section 5, we prove Theorem 1.3.
Generalized Cheeger-Gromoll metrics on the total space of Euclidean vector bundles and their rigidity
Generalized Cheeger-Gromoll metrics on the tangent space of a Riemannian manifold were introduced and studied in [5] . In this section, we consider a more general sitting, namely, generalized Cheeger-Gromoll metrics on the total space of Euclidean vector bundles over a Riemannian manifold. We will show that these metrics are rigid recovering some classical results and establishing other ones which are new even in the classical case of generalized Cheeger-Gromoll metrics on the tangent bundle.
Definitions and immediate properties
Let (M, , T M ) be a n-dimensional Riemannian manifold and π E : E −→ M a vector bundle of rank r endowed with an Euclidean product , E . We suppose that there exists a linear connection ∇ E on E for which , E is parallel. We denote by (x, a) an element of E x . For any (x, a) ∈ E there exists an injective linear map h (x,a) :
where
where VE = ker dπ E . For any α ∈ Γ(E) and for any X ∈ Γ(T M), we denote by α v ∈ Γ(T E) and X h ∈ Γ(T E) the vertical and horizontal vector field associated to α and X. The flow of α v is given by
To prove the following proposition one can mimic the well-known proof in the case where
The generalized Cheeger-Gromoll metrics is a family of Riemannian metrics on E depending on two parameters p ∈ R and q ≥ 0 and given by
We will denote by ω q (a) = 1 1+q|a| 2 with ω 1 = ω. Note that h 0,0 is the Sasaki metric, h 1,1 is the classical Cheeger-Gromoll metric and h 2,0 is the stereographic metric.
To compute the Riemannian invariants of (E, h p,q ) (Levi-Civita connection and the different curvatures), we will use the following facts:
is a Riemannian submersion with totally geodesic fibers and hence the different Riemannian invariants can be computed by using O'Neill formulas (see [7, chap. 9] 
(ii) O'Neill's formulas involve the Riemannian invariants of (M, , T M ), the tensor B and the Riemannian invariants of the restriction of h p,q to the fibers. The latest have been computed in [5] and we will use them.
Based on these facts, the Levi-Civita connection∇ of (E, h p,q ) is given bȳ 
Then:
(ii) For any α, β ∈ Γ(E),
Proof. 
When we expand this expression we get the desired formula. Proof. According to Proposition 2.2, we have s v (a) = f (|a| 2 ). A direct computation using the software Sage gives 
Rigidity of Cheeger-Gromoll metrics on the total space of Euclidean vector bundles
In this section, we give a precise image of what one can expect from generalized CheegerGromoll metrics on the total space of an Euclidean vector bundle in term of constance of different curvatures (scalar, Ricci or sectional curvature) or local symmetry. Through this subsection π E : E −→ M is an Euclidean vector bundle over a Riemannian manifold and ∇ E a linear connection on E which preserves , E . Corollary 2.5 in [5] asserts that when E = T M the only generalized Cheeger-Gromoll metric with flat fibers is the Sasaki metric h 0,0 . The following lemma gives a far more accurate assertion.f ′ (t) = (r − 1)(1 + t) p (1 + qt) 3 (1 + t) 3 a 1 t 4 + b 1 t 3 + c 1 t 2 + d 1 t + e where a 1 = (r − 2)(p − 1)q 3 , b 1 = − rp 3 − 4 rp 2 − 2 p 3 − 2 rpq + 2 rp + 10 p 2 + 3 rq + 4 pq + r − 10 p − 6 q + 2 q 2 , c 1 = −2 rp 3 q + 2 rp 2 q 2 + rpq 3 + 7 rp 2 q + 4 p 3 q − 2 rpq 2 − 2 p 2 q 2 − 3 rq 3 − 2 pq 3 − 5 rpq − 16 p 2 q −3 rq 2 + 2 pq 2 + 6 q 3 + 12 pq − 6 q 2 , d 1 = −rp 3 + 3 rp 2 q − rq 3 + 3 rp 2 + 2 p 3 − 6 rpq − 3 rq 2 + 2 q 3 − 2 rp − 6 p 2 − 6 pq − 6 q 2 + 4 p, e 1 = p 2 − pq − q 2 − 2 p (r + 2).
(i).
We can give now a proof of Theorem 1.1. [7, pp.244] ) and the expression of the scalar curvature of the restriction of h p,q to the fibers given in Proposition 2.2, we have
Proof. According the O'Neill formulas (see
and (X 1 , . . . , X n ) is a local frame of orthonormal vector field on M. Now
Note that we have used here the fact that R ∇ E (X i , X j )a, a E = 0 which is a consequence of the fact that ∇ E preserves , E . We deduce that
where ξ is the symmetric 2-form on E given by 
Suppose that p > 1. Then (p > 1 and p 2) or (p = 2 and q 0) and hence lim t−→∞ t (1 + t) p = 0 and lim
which is impossible by virtue of (E).
Suppose now that p < 1. Then (p < 1 and p 0) or (p = 0 and q 0) and hence lim t−→∞ t (1 + t) p = +∞ and lim
Let finish by showing that the case p = 1 is also impossible. Indeed, if p = 1 then, by taking the derivative of (E), we get
For t = 0 we get ξ(a, a) = (r − 1)e 1 < 0 which it is impossible. This achieves to prove the first part of the theorem. On the other hand, if ((p, q) = (0, 0), 
is an Einstein manifold with Einstein constant 4(r − 1).
When E = T M, , T M = , E and ∇
E is the Levi-Civita connection of , T M we get the following result which precises Corollary 2.10 in [5] . The following corollary is a consequence of O'Neill formulas and Theorem 1.1.
Corollary 2.2. (T M, h p,q ) is an Einstein manifold if and only if
Corollary 2.5. The following assertions are equivalent:
Transitive Euclidean Lie algebroids and their principal curvature
In this section, we consider a transitive Lie algebroid (A, M, ρ) and an Euclidean product , A on A. We will show that we can define canonically a Riemannian metric , T M on M and a connection ∇ A on A which preserves , A . Hence, according to the last section, we can define the family of generalized Cheeger-Gromoll metrics on A. The O'Neill shape tensor of these metrics is given by the curvature of ∇ A . We compute this curvature to discover that it depends on the Lie algebroid structure and the curvature of M and hence encompasses a rich geometrical situation.
A Lie algebroid over a smooth manifold M is a vector bundle π A : A −→ M together with a R-Lie algebra structure [ , ] A on Γ(A) and a vector bundle homomorphism ρ : A −→ T M called anchor such that, for any a, b ∈ Γ(A) and for any f ∈ C ∞ (M), we have the Leibniz identity
An immediate consequence of this definition is that the induced map ρ : Γ(A) −→ Γ(T M) is a Lie algebra homomorphism and for any x ∈ M, there is an induced Lie bracket on G x = Ker(ρ x ) ⊂ A x which makes it into a Lie algebra.
In this paper, we deal mostly with transitive Lie algebroids, i.e., Lie algebroids (A, M, ρ) such that ρ is surjective. In this case if G = ker ρ then π G : G −→ M is a Lie algebroid with vanishing anchor called the adjoint Lie algebroid of A and we have an exact sequence of Lie algebroids called Atiyah sequence
We denote by [ , ] G the induced Lie bracket on Γ(G).
A splitting of A is a splitting of the Atiyah sequence, i.e., a vector bundle homomorphism
The following relations are immediate consequences of the Jacobi identity applied to [ , ] A :
where stands for the cyclic sum, U, V ∈ Γ(G) and X, Y, Z ∈ Γ(T M). As a consequence of (10), one can deduce that if x, y ∈ M and µ a path joining x to y then the parallel transport along µ with respect to ∇ γ , τ µ : G x −→ G y is an isomorphism of Lie algebras. So if M is connected then the fibers of G are isomorphic as Lie algebras.
Conversely, given a Lie algebroid π G : G −→ M with vanishing anchor, a connection ∇ on G and Ω ∈ Ω 2 (M, G) satisfying (10)- (12) then A = T M ⊕ G with the anchor Id T M ⊕ 0 and the Lie bracket on Γ(A) given by
is a transitive Lie algebroid.
A transitive Euclidean Lie algebroid is a transitive Lie algebroid (A, M, ρ) together with an Euclidean product , A on the vector bundle π A : A −→ M. There are two important objects naturally associated to (A, M, ρ, , A ). 
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The restriction of ρ to G ⊥ is an isomorphism onto T M and its inverse γ : T M −→ G ⊥ defines a splitting of the Atiyah sequence. We denote by Ω γ and ∇ γ the associated curvature and connection defined by (9) . It follows from what above that A as a transitive Euclidean Lie algebroid is canonically isomorphic to T M ⊕ G with the Lie bracket given by (13) (
Thus D is a connection on the Lie algebroid A well-known as the Levi-Civita connection associated to the Euclidean Lie algebroid A. The reader can consult [8, 10] for a detailed study of connections on Lie algebroids.
For our purpose, we extract from the splitting γ and D the necessary ingredients for defining generalized Cheeger-Gromoll metrics on the Euclidean bundle A. Indeed, we have already defined a Riemannian metric , T M on M. We define now a connection ∇ A on the vector bundle
and since D is metric, ∇ A preserves , A . Hence, according to the last section, we can define the family of generalized Cheeger-Gromoll metrics on A. The O'Neill shape tensor of these metrics is given by the curvature of ∇ A . From the definition of ∇ A , it is clear that R
∇
A is an invariant of the transitive Euclidean Lie algebroid structure. In order to compute the principal curvature we need to explicit the expression of the LeviCivita connection D.
Thank to the splitting γ, D can be computed by the means of the Levi-Civita connection ∇ M of (M, , T M ), the Levi-Civita product D associated to (G, , G ) and given by
and the analogous O'Neill tensors [16] (see [7] for a detailed presentation) T and H elements of Γ(A * ⊗ A * ⊗ A) whose values on two sections a, b ∈ Γ(A) are given by
where a t is the projection on G and a ⊥ is the projection on G ⊥ . Indeed, we have the following relations which sum up all the properties of D, H and T and which are easy to establish using Koszul formula (14) . 
From Proposition 3.1, one can deduce easily the following relations between the connexions
where X γ = γ(X). Having these formulas in mind we can compute now the expression of the principal curvature of A. 
Proposition 3.2. We have, for any X, Y, Z ∈ Γ(T M) and U
It is a straightforward computation using (18) . Indeed,
Now put
We have
Finally,
Z Ω γ (X, Y) . 
Let compute now
From (18) 
This completes the computation. 
